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Some new inequalities for volumes and medians of two simplexes are established. These
new results are generalizations to several dimensions of the well-known Neuberg–Pedoe
inequality of two triangles.
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1. Introduction
Let ai, bi, ci(i = 1, 2) be the edge-lengths of the triangle AiBiCi with area4i, then
H2 = a21(−a22 + b22 + c22 )+ b21(a22 − b22 + c22 )+ c21 (a22 + b22 − c22 ) ≥ 164142, (1.1)
with equality holds if and only if two triangles are similar.
This is the well-known Neuberg–Pedoe inequality (see [1]).
In 1984, P. Chia-Kuei proved the following sharpening of the Neuberg–Pedoe inequality [2]. Let A and A′ be two n-
simplexes in En with vertexes sets {A0, A1, . . . , An} and {A′0, A′1, . . . , A′n} respectively. Let V and V ′ denote the n-dimensional
volumes,mi the median ofA from vertex Ai andm′i the median ofA′ from vertex A
′
i respectively, aij = |AiAj|, a′ij = |A′iA′j|.
In 1983, Yang Lu and Zhang Jingzhong obtained a generalization to several dimensions of Neuberg–Pedoe inequality
(1.1) [3]. In 1997, Leng Gangsong and Tang Lihua [4] extended the inequality (1.2) to the edge-lengths and volumes of two
n-simplexes, and obtained the generalization as follows:
Hn =
∑
0≤i<j≤n
a2θij
( ∑
0≤k<l≤n
a′2θkl − 2a′2θij
)
≥ 22θ−3n2(n2 − 1)
[
(n!)2
n+ 1
] 2θ
n
(
S ′
S
V
4θ
n + S
S ′
V ′
4θ
n
)
, (1.2)
where θ ∈ (0, 1] and S =∑0≤i<j≤n a2ij, S ′ =∑0≤i<j≤n a′2ij.
This paper, except for the introduction, is divided into three sections. In Section 2, we will give some new results. In
Section 3, some lemmas are given. In Section 4, we will prove our main results.
2. Main results
Our main results are the following four theorems and five corollaries.
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Theorem 2.1. Let A and A′ be two n-simplexes in En (n ≥ 3) with the n-dimensional volumes V and V ′ respectively, mi the
median of A from vertex Ai andm′i themedian of A′ from vertex A
′
i respectively,α, β ∈ (0, 1], and ai, bi ≥ 0 (i = 1, 2, a21+a22 6=
0, b21 + b22 6= 0). Then
n∑
i=0
(
a1mαi + a2mβi
)[ n∑
j=0
(
b1m′αj + b2m′βj
)
− 2
(
b1mαi + b2m′βi
)]
≥ n
2 − 1
2
[
b1S ′α + b2S ′β
a1Sα + a2Sβ
(
a1µαV
α
n + a2µβV βn
)2 + a1Sα + a2Sβ
b1S ′α + b2S ′β
(
b1µαV ′
α
n + b2µβV ′
β
n
)2]
+ R1, (2.1)
with equality holds if and only if A andA′ are regular, where
µ =
(
(n!)2(n+ 1)n−1
nn
) 1
2n
, Sθ =
n∑
i=0
mθi , S
′
θ =
n∑
i=0
m′θi (θ = α or β),
R1 = 1
(a1Sα + a2Sβ)(b1S ′α + b2S ′β)
n∑
i=0
[
(b1S ′α + b2S ′β)(a1mαi + a2mβi )
− (a1Sα + a2Sβ)(b1m′αi + b2m′βi )
]2 ≥ 0. (2.1′)
Theorem 2.2. Under the hypotheses in Theorem 2.1, we have
n∑
i=0
[
1
2
n∑
j=0
(mαi m
′β
j +mβi m′αj )− 2m
α+β
2
i m
′ α+β2
i
]
≥ 1
2
(n2 − 1)µα+β
(
S ′α
Sα
V
α+β
n + Sα
S ′α
V ′
α+β
n
)
+ R2, (2.2)
with equality holds if and only if A andA′ are regular, where
R2 = 1SαS ′α
n∑
i=0
(S ′αm
α+β
2
i − Sαm′
α+β
2
i )
2 ≥ 0. (2.2′)
Put a1 = V βn , a2 = V αn , b1 = V ′
β
n , b2 = V ′ αn in inequality (2.1), we get the following corollary.
Corollary 2.1. Under the hypotheses in Theorem 2.1, we have
n∑
i=0
(
mαi V
β
n +mβi V
α
n
)[ n∑
j=0
(
m′αj V
′ βn +m′βj V ′
α
n
)
− 2
(
m′αi V
′ βn +m′βi V ′
α
n
)]
≥ n
2 − 1
2
(µα + µβ)2
[
V ′
β
n S ′α + V ′ αn S ′β
V
β
n Sα + V αn Sβ
V
α+β
n + V
β
n Sα + V αn Sβ
V ′
β
n S ′α + V ′ αn S ′β
V ′
α+β
n
]
+ R5, (2.3)
with equality holds if and only if A andA′ are regular, where
R5 = 1
(V
β
n Sα + V αn Sβ)(V ′ βn S ′α + V ′ αn S ′β)
×
n∑
i=0
[
(V ′
β
n S ′α + V ′
α
n S ′β)(mαi V
β
n +mβi V
α
n )− (V βn Sα + V αn Sβ)(m′αi V ′
β
n +m′βi V ′
α
n )
]2
. (2.3′)
Put a1 = 0, a2 = 0, b1 = 0, b2 = 1 in inequality (2.1). By applying arithmetic mean-geometric mean inequality, we get
the following corollary.
Corollary 2.2. Under the hypotheses in Theorem 2.1, γ ∈ (0, 1] we have
n∑
i=0
mαi
(
n∑
j=0
m′βj − γm′βi
)
≥ n
2 − 1
2
[
µ2α
S ′β
Sα
V
2α
n + µ2β Sα
S ′β
V ′
2β
n
]
+ R6
≥ n
2 − 1
2
µ
α+β
2 (V αV ′β)
1
n + R6, (2.4)
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with equality holds if and only if A andA′ are regular, where
R6 = γ2SαS ′β
n∑
i=0
(S ′βmαi − Sαm′βi )2. (2.4′)
By applying the arithmetic mean-geometric mean inequality in (2.2) and (2.4), we get the following corollaries
respectively.
Corollary 2.3. Under the hypotheses in Theorem 2.2, we have
n∑
i=0
[
1
2
n∑
j=0
(mαi m
′β
j +mβi m′αj )− 2m
α+β
2
i m
′ α+β2
j
]
≥ n
2 − 1
2
µα+β(VV ′)
α+β
2n + R2, (2.5)
with equality holds if and only if A andA′ are regular.
Corollary 2.4. Under the hypotheses in Theorem 2.1, we have
n∑
i=0
mαi
(
n∑
j=0
m′βj − 2m′βi
)
≥ (n2 − 1)µα+β(VV ′) α+β2n + R1, (2.6)
with equality holds if and only if A andA′ are regular.
3. Some lemmas
To prove the theorems in Section 2, we establish a number of lemmas as follows.
Lemma 3.1. For any n-dimensional simplexA, and θ ∈ (0, 1], we have λi =∑nj=0mθj − 2mθi > 0, (i = 0, 1, . . . , n).
Proof. LetM andMi be the centroid ofA = {A0, A1, . . . , An} and its (n− 1)-dimensional simplexAi = {A0, . . . , Ai−1, Ai+1,
. . . , An}(i = 0, 1, . . . , n) respectively.
By the following well-known fact
−−→
MMi = 1n
n∑
j=0
j6=i
−→
MAi,
we have
n ·MMi = n|−−→MMi| =
∣∣∣∣∣∣∣
n∑
j=0
j6=i
−→
MAi
∣∣∣∣∣∣∣ ≤
n∑
j=0
j6=i
|−→MAi| =
n∑
j=0
j6=i
MAi. (3.1)
Because the vectors
−−→
MMj(j = 0, 1, . . . , n) are non-collinear, the strictly inequality in (3.1) holds. But
MMi = 1n+ 1mi, MAj =
n
n+ 1mj (j 6= i).
Hence the inequality yields that
mi <
n∑
j=0
j6=i
mj. (3.2)
By applying inequality x
1
θ ≤ x (0 < x < 1, θ ∈ (0, 1]), we have
n∑
j=0
j6=i
mj
(
n∑
j=0
j6=i
mθj )
1
θ
=
n∑
j=0
j6=i
 m
θ
j
n∑
j=0
j6=i
mθj

1
θ
≤
n∑
j=0
j6=i
mθj
n∑
j=0
j6=i
mθj
= 1.
n∑
j=0
j6=i
mj ≤
 n∑
j=0
j6=i
mθj

1
θ
. (3.3)
L. Xiaoyan, Z. Yao / Applied Mathematics Letters 23 (2010) 176–182 179
Combining (3.2) with (3.3), we get that
mθi <
 n∑
j=0
j6=i
mθj

θ
≤
n∑
j=0
j6=i
mθj .
It yields λi =∑nj=0mj − 2mi > 0. 
Lemma 3.2. Let A an n-simplex in En, x0, x1, . . . , xn denote any (n+ 1) positive real number. Then(
n∑
i=0
xim2i
)n
≥ (n+ 1)
2(n−1)(n!)2V 2
nn
n∑
i=0
n∏
j=0
j6=i
xj, (3.4)
with equality holds if and only if all the following equalities hold,
n∑
j=0
xjm2j − nxim2i
−n√xk√ximkmi cosϕki =
−n√xk√ximkmi cosϕki
n∑
j=0
xjm2j − xkm2k
=
√
ximj cosϕji√
xkmk cosϕkj
,
(where i, j, k = 0, 1 · · · , n, and i, j, k are pairwise unequal, ϕij = 6 AiMAj).
In particular, the equality holds if A is regular and x0 = x1 = · · · = xn.
Proof. Let Vi be the volume of n-simplex with vertex set {A0, . . . , Ai−1,M, Ai+1, . . . , An},Q = (√x0−−→MA0,√x1−−→MA1, . . . ,√
xn
−−→
MAn),G = QQ T = (√xixj−→MAi · −→MAj)(n+1)×(n+1).
Then Vi = 1n!V and QQ T have n real nonnegative eigenvalues λ1, λ2, . . . , λn, and
n∑
i=1
λi = trG =
n∑
i=0
xiMA2i =
n2
(n+ 1)2
n∑
i=0
xim2i , (3.5)
n∏
i=1
λi =
n∑
i=0
Gii, (3.6)
where Gii is the principal minor determinant of G, i.e.
Gii = det
(√
x0
−→
MA0, . . . ,
√
xi−1
−→
MAi−1,
√
xi+1
−→
MAi+1 · · · ,√xn−→MAn
)T
×
(√
x0
−→
MA0, . . . ,
√
xi−1
−→
MAi−1,
√
xi+1
−→
MAi+1 · · · ,√xn−→MAn
)
=
 n∏
j=0
j6=i
xj
 (n!Vi)2 = (n!)2
(n+ 1)2
 n∏
j=0
j6=i
xj
 V 2. (3.7)
By applying the arithmetic mean-geometric mean inequality, we have
1
n
n∑
i=0
λi ≥ n
√√√√ n∏
i=1
λi, (3.8)
with the equality holds if and only if λ1 = λ2 = · · · = λn.
Substituting (3.5)–(3.7) to (3.8) and rearranging, we infer (3.4).
It is clear that the equality in (3.4) holds if and only if
λ1 = λ2 = · · · = λn = 1n trG =
1
n
n∑
j=0
xjMA2j =
n
(n+ 1)2
n∑
j=0
xjm2j . (3.9)
Let
B =
(
n
(n+ 1)2
n∑
j=0
xjm2j
)
In+1 − G,
where In+1 is (n+ 1)× (n+ 1) unit matrix.
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Then equality (3.9) is equivalent to saying the matrix B have a non-zero eigenvalue dsumnj=0xjm
2
j and n zero eigenvalues,
namely, the rank of B is 1, this is also equivalent to saying that n+ 1 row vectors of B are collinear equivalently.
n
(n+1)2
n∑
j=0
xjm2j − ( nn+1 )2xim2i
−√xk√xi( nn+1 )2mkmi cosϕik
= −
√
xi
√
xk( nn+1 )
2mimk cosϕil
n
(n+1)2
n∑
j=0
xjm2j − ( nn+1 )2xkm2k
=
√
xi
√
xj( nn+1 )
2mimj cosϕij√
xk
√
xj( nn+1 )2mkmj cosϕlj
,
(0 ≤ i, j, k ≤ n, i 6= j, j 6= k, k 6= i).
Rearranging the above equalities, we obtain (3.5).
In particular, (3.5) holds when x0 = x1 = · · · = xn and A is regular with edge-length a, noting mi =
√
n+1
2n a, MAi =
n
n+1mi =
√
n
2(n+1)a, cosϕij = − 1n (i 6= j). So equality in (3.4) occurs. 
Lemma 3.3. Let A an n-simplex in En, x0, x1, . . . , xn denote any (n+ 1) positive real number, and α ∈ (0, 1]. Then(
n∑
i=0
xim2i
)n
≥ (n+ 1)
(n−1)(α+1)(n!)2αV 2α
nnα
n∑
i=0
n∏
j=0
j6=i
xj, (3.10)
with equality holds if and only if (3.5) holds.
Proof. By Maclaurin inequality [5], we get(
n∑
i=0
xim2i
)n
≥ (n+ 1)(n−1)
n∑
i=0
n∏
j=0
j6=i
xim2j . (3.11)
Thus, employing Lemma 3.2 and Holder inequality, we have(
n∑
i=0
xim2i
)n
=
(
n∑
i=0
xim2i
)n(1−α) ( n∑
i=0
xim2i
)nα
≥ (n+ 1)(n−1)(1−α)
 n∑
i=0
n∏
j=0
j6=i
xim2j

1−α  (n+ 1)2(n−1)(n!)2V 2
nn
n∑
i=0
n∏
j=0
j6=i
xj

α
≥ (n+ 1)
(n−1)(α+1)(n!)2αV 2α
nnα
n∑
i=0
 n∏
j=0
j6=i
xim2j

1−α  n∏
j=0
j6=i
xj

α
≥ (n+ 1)
(n−1)(α+1)(n!)2αV 2α
nnα
n∑
i=0
 n∏
j=0
j6=i
xim
2(1−α)
j
 .
By replacing xi with xim
2(1−α)
i (i = 0, 1 · · · , n) in above inequality, we obtain inequality (3.10). 
Let A = {A0, A1, . . . , An} be n-simplex with the (n − 1)-dimensional facet Fi = {A0, . . . , Ai−1, Ai+1 · · · , An}, (i = 0, 1,
. . . , n) and P any point in En. Draw a vertical line li from vertex Ai to its opposite facet Fi and suppose Hi be an intersecting
point of the straight line li and facet Fi. The n-simplexAP = {H0,H1, . . . ,Hn} is called the pedal simplex ofA on the point
P , andA is called the perpendicular plane simplex ofAP on the point P .
Lemma 3.4 ([6]). Let A = {A0, A1, . . . , An} be n-simplex with the dihedral angles θij (0 ≤ i < j ≤ n), thenA is regular if and
only if all the following equalities hold
Lemma 3.5 ([7]). Let A = {A0, A1, . . . , An} be n-simplex with the centroid M, and AM be the pedal simplex of A on the point
M. ThenA is regular if and only if AM is regular.
Lemma 3.6. LetA = {A0, A1, · · · , An} be n-simplexwith the centroidM, andA is regular if and only if all the following equalities
hold
cosϕij = −n cosϕik cosϕkj, (k 6= i, k 6= j, i 6= j, i, j, k = 0, 1, . . . , n),
where ϕij = 6 AiMAj (0 ≤ i < j ≤ n).
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Proof. Let β be the perpendicular plane simplex ofA on the pointM , and θij (0 ≤ i < j ≤ n) the dihedral angles of β. Then
ϕij = pi − θij (0 ≤ i < j ≤ n). By applying Lemmas 3.4 and 3.5, we get thatA is regular if and only if β is regular. This yields
Lemma 3.6. 
Lemma 3.7 ([8,9]). Let 0 < λi < 12 ,
∑n
i=0 λi = 1, xi = 1λi − 2 (0 ≤ i ≤ n), then
n∑
i=0
n∏
j=0
j6=i
xj =
n∑
i=0
n∏
j=0
j6=i
(
1
λi
− 2
)
≥ (n+ 1)(n− 1)n, (3.12)
with equality holds if and only if λ0 = λ1 = · · · = λn.
Lemma 3.8. Let A be any n-simplex, and α, β ∈ (0, 1], then
n∑
i=0
mαi
(
n∑
j=0
mβj − 2mβi
)
≥ (n2 − 1)
(
(n!)2(n+ 1)n−1
nn
) α+β
2n
V
α+β
n , (3.13)
with equality holds if and only if A is regular.
Proof. Let xi =
∑n
j=0 m
β
j −2mβi
mβi
, λi = m
β
i∑n
j=0 m
β
j
.
By applying Lemma 3.1, we have
xi = 1
λi
− 2 > 0, and
n∑
i=0
λi = 1.
Applying Lemmas 3.3 and 3.7, we get
n∑
i=0
mαi
(
n∑
j=0
mβj − 2mβi
)
=
n∑
i=0
xim
α+β
i ≥
 (n+ 1)(n−1)( α+β2 +1)(n!)α+βV α+β
nn(α+β)
n∑
i=0
n∏
j=0
j6=i
xj

1
n
≥
(
(n+ 1)(n−1)( α+β2 +1)(n!)α+βV α+β
n
n(α+β)
2
(n+ 1)(n− 1)n
) 1
n
= (n2 − 1)
(
(n!)2(n+ 1)n−1
nn
) α+β
2n
V
α+β
n .
Thus (3.13) is valid. If A is regular with the edge-lengths b, then mi =
√
n+1
2n b (0 ≤ i ≤ n), V = 1n! ( n+12n )
1
2 bn, the equality
holds in (3.13). Again, if the equality holds in (3.13), applying Lemmas 3.3 and 3.7, we have x0 = x1 = · · · = xn and (3.5)
holds.
Substituting x0 = x1 = · · · = xn andm0 = m1 = · · · = mn to (3.5), we have
cosϕij = −n cosϕik cosϕkj, (k 6= i, k 6= j, i 6= j, i, j, k = 0, 1, . . . , n).
By Lemma 3.6, we infer thatA is regular. 
Lemma 3.9. Let A be any n-simplex, and α, β ∈ (0, 1], ai ≥ 0 (i = 1, 2) and a21 + a22 6= 0, then
n∑
i=0
(a1mαi + a2mβi )
[
n∑
j=0
(a1mαj + a2mβi )− 2(a1mαi + a2mβi )
]
≥ (n2 − 1)[a1µαV αn + a2µβV βn ]2, (3.14)
with equality holds if and only if A is regular.
Proof. Let R(α, β) denote the left part of the inequality (3.14), then
R(α, β) = a21
n∑
i=0
mαi
[
n∑
j=0
mαj − 2mαi
]
+ 2a1a2
n∑
i=0
mαi
[
n∑
j=0
mβj − 2mβi
]
+ a22
n∑
i=0
mβi
[
n∑
j=0
mβj − 2mβi
]
.
Employing Lemma 3.8, we infer (3.14) and the equality in (3.14) holds if and only ifA is regular. 
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4. Proof of theorems
Proof of Theorem 2.1. Note
HAA′ =
n∑
i=0
(a1mαi + a2Mβi )
[
n∑
j=0
(b1m′αj + b2m′βj )− 2(b1m′αi + b2m′βi )
]
= (a1Sα + a2Sβ)(b1S ′α + b2S ′β)− 2
n∑
i=0
(a1mαi + a2mβi )(b1m′αi + b2m′βi ),
HA = (a1Sα + a2Sβ)2 − 2
n∑
i=0
(a1mαi + a2mβi )2,
HA′ = (b1S ′α + b2S ′β)2 − 2
n∑
i=0
(b1m′αi + b2m′βi )2,
where Sθ =∑ni=0mθi , S ′θ =∑ni=0m′θi (θ = α or β).
By computation, we easily deduce the following inequality,
HAA′ = 12
(
b1S ′α + b2S ′β
a1Sα + a2Sβ HA +
a1Sα + a2Sβ
b1S ′α + b2S ′β
HA′
)
+ R1. (4.1)
Substituting (3.14) to (4.1), we infer inequality (2.1). Moreover, by Lemma 3.9, we know that the equality holds if and
only ifA andA′ are regular. Therefore, we complete the proof of Theorem 2.1. 
Proof of Theorem 2.2. Note
GAA′ =
n∑
i=0
[
1
2
n∑
j=0
(mαi m
′β
j +mβi m′
α
j )− 2m
α+β
2
i m
′ α+β2
j
]
= 1
2
(SαS ′β + SβS ′α)− 2
n∑
i=0
m
α+β
2
i m
′ α+β2
i
GA = SαSβ − 2Sα+β ,
GA′ = S ′αS ′β − 2S ′α+β .
By computation, we easily deduce the following inequality.
GAA′ = 12
(
S ′α
Sα
GA + SαS ′α
GA′
)
+ R2. (4.2)
Substituting (3.13) to (4.2), we infer inequality (2.2). Moreover, by Lemma 3.8, we know that the equality holds if and
only ifA andA′ are regular. Therefore, we complete the proof of Theorem 2.2. 
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